Introduction {#Sec1}
============

In 1984, Berry published the remarkable discovery that cyclic parallel transport of quantum states causes the appearance of geometrical phase factors^[@CR1]^. His discovery, along with precursor works^[@CR2],[@CR3]^, unified seemingly different phenomena within the framework of gauge theories^[@CR4],[@CR5]^. This seminal work was rapidly generalized to non-adiabatic and noncyclic evolutions^[@CR5]^ and, most saliently for our concern here, to degenerate states by Wilczek and Zee^[@CR6]^. In this case, the underlying symmetry of the degenerate subspace leads to a non-Abelian gauge field structure. These early works on topology in quantum physics have opened up tremendous interest in condensed matter^[@CR7]--[@CR11]^ and more recently in ultracold gases^[@CR12]--[@CR20]^ and photonic devices^[@CR21]--[@CR23]^.

Moreover, it has been noted that geometrical qubits are resilient to certain noises, making them potential candidates for fault-tolerant quantum computing^[@CR24]--[@CR27]^. So far, beside some recent proposals^[@CR28],[@CR29]^, experimental implementations have been performed for a two-qubit gate on NV centers in diamond^[@CR30]^ and for a non-Abelian single-qubit gate in superconducting circuits^[@CR31]^. These experiments were performed following a non-adiabatic protocol allowing for high-speed manipulation^[@CR29],[@CR32],[@CR33]^. Recently, coherent control of ultracold spin-1 atoms confined in optical dipole traps was used to study the geometric phases associated with singular loops in a quantum system^[@CR34]^. If non-adiabatic manipulations are promising methods for quantum computing, they prevent the study of external dynamic of quantum system in a non-Abelian gauge field, where non-trivial coupling occurs between the internal qubit state dynamics and the center-of-mass motion of the particle.

Here, we report on non-Abelian adiabatic geometric transformations implemented on a non-interacting cold fermionic gas of strontium-87 atoms by using a four-level resonant tripod scheme set on the $\documentclass[12pt]{minimal}
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                \begin{document}$$|F_{\rm{g}} = 9/2,m_{\rm{g}} = 9/2\rangle$$\end{document}$ and Doppler cooled down to temperatures *T* ∼ 0.5 μK^[@CR35],[@CR36]^, see Methods. A magnetic bias field isolates a particular tripod scheme in the excited and ground Zeeman substate manifolds. Our laser configuration consists of two co-propagating beams (with opposite circular polarizations) and a third linearly polarized beam orthogonal to the previous ones. These three coplanar coupling laser beams are set on resonance with their common excited state $\documentclass[12pt]{minimal}
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Results {#Sec2}
=======

Dark states basis {#Sec3}
-----------------

For any value of the amplitude and phase of the laser beams, the effective Hilbert space defined by the four coupled bare levels contains two bright states and two degenerate dark states $\documentclass[12pt]{minimal}
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                \begin{document}$$|e\rangle$$\end{document}$ and are thus protected from spontaneous emission decay by quantum interference. For equal Rabi transition frequencies, we conveniently choose$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi _{ij} = \Phi _i - \Phi _j$$\end{document}$, where the space-dependent laser phases read $\documentclass[12pt]{minimal}
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                \begin{document}$$\vartheta _i$$\end{document}$ its phase at origin, see Fig. [1](#Fig1){ref-type="fig"}. To implement non-Abelian transformations on the system, the two independent offset phases tuned by the electro-optic modulators (EOM), shown in Fig. [1a](#Fig1){ref-type="fig"}, are $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _i = \vartheta _i - \vartheta _3$$\end{document}$ (*I* = 1,2).Fig. 1Tripod scheme. **a** Propagation directions of the laser beams and their polarizations along a magnetic bias field **B**. Two electro-optic modulators (EOM) are used to sweep the two independent relative phases of the laser beams. **b** Bare energy-level structure of the tripod scheme, implemented on the intercombination line of strontium-87. The magnetic bias field shifts consecutive excited levels by $\documentclass[12pt]{minimal}
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In a first set of experiments, we probe and quantify the thermal decoherence of the dark states induced by the finite temperature of our atomic sample. In a second set of experiments, we analyze the non-Abelian character of geometric transformations within the dark-state manifold. To do so, we consider a certain phase loop in the parameter space defined by the two relative phases *ϕ*~1~ and *ϕ*~2~ of the tripod lasers, and we compare the final populations of the internal atomic states when the cyclic sequence is performed, starting from two different initial points on the loop. In all experiments, we monitor the subsequent manipulation and evolution of the atomic system in the dark-state manifold by measuring the bare ground-state populations with a nuclear spin-sensitive shadow imaging technique, see Methods.

Thermal decoherence {#Sec4}
-------------------
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                \begin{document}$$|D_2\rangle$$\end{document}$ after a suitable adiabatic laser ignition sequence, see Methods. We assume that the atoms do not move significantly during the time duration of this sequence, see Fig. [2](#Fig2){ref-type="fig"}. Following refs. ^[@CR37],[@CR38]^, the subsequent evolution of the atoms is described by the Hamiltonian$$\documentclass[12pt]{minimal}
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                \begin{document}$${1 \hskip-3.3pt 1}$$\end{document}$ is the identity operator in the internal dark-state manifold, *M* the atom mass, **A** the geometrical vector potential with matrix entries $\documentclass[12pt]{minimal}
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                \begin{document}$$W_{jk} = \frac{{\hbar ^2\left\langle {\nabla D_j|\nabla D_k} \right\rangle - \left( {{\mathrm{A}}^2} \right)_{jk}}}{{2M}} \cdot$$\end{document}$$With our laser geometry, **A**, **A**^2^, and *W* have the same matrix form, and are uniform and time-independent, see Methods. Thus, we can look for states in the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$|\psi \rangle$$\end{document}$ some combination of dark states. Denoting by *P*~0~(**v**) the initial atomic velocity distribution, we find that the population of state $\documentclass[12pt]{minimal}
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                \begin{document}$$|2\rangle$$\end{document}$ remains constant while the two others display an out-of-phase oscillatory behavior at a velocity-dependent frequency $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _R = \hbar k^2/(2M)$$\end{document}$ is the recoil frequency and *k* = 2*π*/*λ* is the laser wavenumber. The frequency component proportional to $\documentclass[12pt]{minimal}
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Averaging over the Maxwellian velocity distribution of the atoms, the bare-state populations of the thermal gas read$$\documentclass[12pt]{minimal}
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Our experimental results confirm this behavior even if $\documentclass[12pt]{minimal}
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Non-Abelian transformations {#Sec5}
---------------------------

We now investigate the geometric non-Abelian unitary operator *U* acting on the dark-state manifold when the relative phases of the tripod beams are adiabatically swept along some closed loop *C* in parameter space. For a pinned atom $\documentclass[12pt]{minimal}
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We now reconstruct the full geometric unitary operator *U* for *ϕ*~0~ = *π*. Up to an unobservable global phase, we write:$$\documentclass[12pt]{minimal}
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                \begin{document}$$|D_2\rangle$$\end{document}$, perform the phase loop and process the new data. The results are shown in Fig. [4a](#Fig4){ref-type="fig"} and compared to the theoretical predictions for a pinned atom and a gas at finite temperature. The good agreement with our data validates the expected small impact of temperature for *ϕ*~0~ = *π*.Fig. 4Unitary operators reconstruction. **a** Elements of operator *U* given by Eq. ([7](#Equ7){ref-type=""}) for the phase loop $\documentclass[12pt]{minimal}
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Probing non-Abelianity {#Sec6}
----------------------

With the previous phase loop protocol, we have $\documentclass[12pt]{minimal}
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                \begin{document}$$U = U_cU_bU_a$$\end{document}$, where *a*, *b*, and *c* label the edges of the loop, see Fig. [3a](#Fig3){ref-type="fig"}. To illustrate the non-commutative nature of the transformation group, we will cycle the phase loop counterclockwise starting from the upper corner. We then reconstruct the corresponding unitary operator $\documentclass[12pt]{minimal}
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                \begin{document}$$D = \sqrt {2 - |{\mathrm{T}}r(U^\dagger U^\prime )|} = 1.27(25)$$\end{document}$ and is in agreement with the theoretical result for a pinned atom (*D* = 1.09) and for a finite-temperature gas (*D* = 1.14). These values have to be contrasted with the maximum possible Frobenius distance *D* = 2.

Discussion {#Sec7}
==========

Using a tripod scheme on strontium-87 atoms, we have implemented adiabatic geometric transformations acting on two degenerate dark states. This system realizes a universal geometric single-qubit gate. We have studied SU(2) transformations associated to laser beams phase loop sequences and shown their non-Abelian character. In contrast to recent works done in optical lattices^[@CR14]--[@CR20]^, our system realizes an artificial gauge field in continuous space. Depending on the laser field configuration, different manifestations of artificial gauge fields can be engineered such as spin--orbit coupling^[@CR38],[@CR43]^, Zitterbewegung^[@CR38]^, magnetic monopole^[@CR37]^, or non-Abelian Aharomov--Bohm effect^[@CR43]^ (see refs. ^[@CR44],[@CR45]^ for reviews). A generalization to the SU(3) symmetry is also discussed in ref. ^[@CR46]^. Some of these schemes might be difficult to implement in optical lattices. Gauge fields generated by optical fields come from a redistribution of photons among the different plane wave modes and involve momenta transfer comparable to the photon recoil. Observing mechanical effects of non-uniform or non-Abelian gauge fields would thus require atomic gases colder than the recoil temperature and thus cooling techniques beyond the mere Doppler cooling done here^[@CR47],[@CR48]^. However, the gauge field is still driving the internal state dynamics regardless of the temperature of the gas provided the adiabatic condition is fulfilled. Noticeably, this internal state dynamics is still present when the gauge field is Abelian and uniform. It led us to an interferometric thermometry based on the Fourier transform of the velocity distribution of the gas.

Methods {#Sec8}
=======

Cold sample preparation and implementation of the tripod scheme {#Sec9}
---------------------------------------------------------------

The cold gas is obtained by laser cooling on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma = 2\pi \times 7.5{\kern 1pt}$$\end{document}$ kHz). Atoms are first laser cooled in a magneto-optical trap and then transferred into an ellipsoidal crossed optical dipole trap at 795 nm (trapping frequencies 150, 70, and 350 Hz), where they are held against gravity. Atoms are then optically pumped in the stretched $\documentclass[12pt]{minimal}
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                \begin{document}$$T_R = \hbar \omega _R/k_{\rm{B}} \approx 0.23{\kern 1pt}$$\end{document}$µK, where *k*~B~ is the Boltzmann constant). A magnetic field bias of *B* = 67 G is applied to lift the degeneracy of the Zeeman excited states. Because the Zeeman shift between levels in the excited manifold *F*~e~ = 9/2 is large, one can isolate a tripod scheme between three ground-state levels and a single excited state, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$|e\rangle = |F_{\rm{e}} = 9/2,m_{\rm{e}} = 7/2\rangle$$\end{document}$, as indicated in Fig. [5](#Fig5){ref-type="fig"}. The Zee man shift of the ground-state levels (Landé factor $\documentclass[12pt]{minimal}
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                \begin{document}$$g = - 1.3 \times 10^{ - 4}$$\end{document}$) is weak (12 kHz) and is compensated by changing accordingly the frequencies of the three tripod laser beams. The lasers are finally tuned at resonance and their polarizations are chosen according to the electrical dipole transition selection rules. In practice, the two laser beams with right and left-circular polarizations, respectively, addressing the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_{\rm{g}} = 5/2 \to m_{\rm{e}} = 7/2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$m_{\rm{g}} = 7/2 \to m_{\rm{e}} = 7/2$$\end{document}$, is orthogonal to the circularly polarized beams, see Fig. [1b](#Fig1){ref-type="fig"}. The plane of the lasers is chosen orthogonal to the direction of gravity. The two independent laser offset phases *ϕ*~1~ and *ϕ*~2~ (see main text) can be tuned by using two electro-optic modulators.Fig. 5Energy levels and experimentally relevant transitions. A magnetic bias field *B* = 67 G lifts the degeneracy of the different Zeeman manifolds and allows to address each transition individually. The Landé factors *g* are indicated for each hyperfine level. The black arrows correspond to the tripod beams (see main text for more details). The dashed red arrows indicate the transitions used for the shadow spin-sensitive imaging system. The dash-dotted purple arrow is the red-detuned cooling transition used in the far off-resonant dipole trap

Adiabatic approximation {#Sec10}
-----------------------

The two independent laser offset phases *ϕ*~1~ and *ϕ*~2~ are ramped from 0 to *ϕ*~0~ ≤ 1.2*π* at a constant rate γ during the sweep time Δ*t* = 4 μs. The AC-Stark shifts of the bright states is given by $\documentclass[12pt]{minimal}
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Initial dark-state preparation {#Sec11}
------------------------------
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Spin-sensitive imaging system {#Sec12}
-----------------------------
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                \begin{document}$$I_{\rm{s}} = 3 \hskip1.5pt {\upmu} {\mathrm{W}}/{\rm{cm}}^2$$\end{document}$). With such values, the average number of ballistic photons scattered per atom is less than one and optical pumping can be safely ignored, ensuring an accurate measurement of the ground-state populations. To achieve a good statistics, the same experiment was repeated 100 times and the corresponding data averaged. The error bars on the bare-state populations correspond to a 95% confidence interval.

Dark states and unitary matrix reconstruction {#Sec13}
---------------------------------------------

A state in the dark-state manifold takes the form $\documentclass[12pt]{minimal}
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To reconstruct the unitary matrix *U*, as expressed in Eq. ([7](#Equ7){ref-type=""}), we perform the phase loop sequence on two different initial dark states (their representative points on the Bloch sphere should not be opposite) and perform the dark-state reconstruction for each of them. The two phase terms in *U* are reconstructed up to a sign. As for the dark-state reconstruction, we rely on the prediction for a pinned atom to lift this sign ambiguity.

Gauge fields and adiabatic Schrödinger equation {#Sec14}
-----------------------------------------------

The time-dependent interaction operator for the resonant tripod scheme, in the rotating-wave approximation, has the following expression:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(t) = \frac{{\hbar \Omega (\mathbf{r},t)}}{2}\mathop {\sum}\limits_{i = 1}^3 |e\rangle \langle i| + \mathrm{H.c.}$$\end{document}$$We assume here that the laser Rabi frequencies coupling the ground states $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|i\rangle = |m_{\rm{g}} = i + 3/2\rangle$$\end{document}$ to the excited state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|e\rangle = |m_{\rm{e}} = 7/2\rangle$$\end{document}$ have all the same amplitude denoted by Ω. The time dependency comes from the cyclic ramping sequence of the two offset laser phases *ϕ*~*j*~ (*j* = 1, 2). Neglecting transitions outside the dark-state manifold (adiabatic approximation), the system is described by a quantum state $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( {M \to + \infty } \right)$$\end{document}$, in which case one recovers Eq. ([6](#Equ6){ref-type=""}). The general expressions of **A** and *W* are given in the main text. With equal and constant Rabi frequencies amplitude, and for the orientation of our laser beams, one finds:$$\documentclass[12pt]{minimal}
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                \begin{document}$$E_R = \hbar \omega _R = \hbar ^2k^2/(2M)$$\end{document}$ is the recoil energy and **k**~*j*~ is the wavevector of laser beam *j* (see main text). As one can see, all these operators have the same matrix form. The matrix $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${\mathbf{s}} = ( - \sqrt 3 /2,0,1/2)$$\end{document}$. As a consequence, all these operators can be diagonalized at once by the same transformation and amenable to the simple projector matrix form:$$\documentclass[12pt]{minimal}
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                \begin{document}$${\cal M} \to {\cal M}_D = \left( {\begin{array}{*{20}{c}} 1 & 0 \\ 0 & 0 \end{array}} \right).$$\end{document}$$Because of our laser beams geometry, the vector potential **A** is in fact Abelian since its only non-zero matrix component is along **k**~2~ − **k**~1~.

In contrast, the operator *ω*~*t*~ has a different matrix form. Indeed, the two offset phases *ϕ*~*j*~ of the lasers (see main text) can be addressed at will. Following ref. ^[@CR44]^, we get:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _t = \frac{\hbar }{2}\left( {\begin{array}{*{20}{c}} {\dot \phi _1 + \dot \phi _2} & {(\dot \phi _1 - \dot \phi _2)/\sqrt 3 } \\ {(\dot \phi _1 - \dot \phi _2)/\sqrt 3 } & {(\dot \phi _1 + \dot \phi _2)/3} \end{array}} \right).$$\end{document}$$In particular, we note that *ω*~*t*~ leads to non-Abelian transformations. An immediate consequence is that, for a given phase loop in parameter space, the geometric unitary operator associated with a cycle of phase ramps depends on the starting point of the cycle on the loop. Different starting points lead to different, though unitarily related, non-commuting geometric unitary operators.
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